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Harmonic coordinate conditions in stationary asymptotically flat spacetimes with mat¬ 
ter sources have more than one solution. The solutions depend on the degree of smoothness 
of the metric and its first derivatives, which we wish to impose across the material bound¬ 
ary, and on the conditions at infinity and at a suitable point inside the matter. This 
is illustrated in detail by simple fully solvable examples of static spherically symmetric 
spacetimes in global harmonic coordinates. Examples of stationary electrovacuum space- 
times described simply in harmonic coordinates are also given. They can represent the 
exterior fields of material discs. 

The use of an appropriate background metric considerably simplifies the calculations. 
PACS: 04.20.-q, 04.20.Cv, 04.20.Jb 

Key words: harmonic coordinates, stationary metrics and their sources 

1 Introduction 

Harmonic coordinates have been frequently used in general relativity even before 
the publication of the monograph jT| by their main protagonist. They present the 
straightforward generalisation of the Lorentz gauge in electrodynamics and play a 
substantial role in approximation methods dealing with motion and radiation; they 
allow one to develop a direct post-Newtonian iteration of the equations of motion 
(see |2] and j3j for reviews including the most recent applications). The harmonic 
coordinates have been also frequently employed in numerical relativity (see, e.g., 
a,0). The Cauchy problem for the Einstein equations was first rigorously tackled 
in harmonic coordinates (see |2 for a comprehensive review) and, quite surprisingly, 
the global stability (for restricted data) of Minkowski space for the Einstein vacuum 
equations was recently proven in harmonic coordinates providing so a consid¬ 
erably simpler approach to the proof of the celebrated result by Christodoulou and 

*) Dedicated to Prof. Jiff Horacek on the occasion of his 60th birthday. Undoubtedly, Jiff has 
been using harmonic coordinates—in flat space these are the Cartesian coordinates—in his quan¬ 
tum calculations happily for years. We hope that his sense for harmony in music and life will also 
appreciate the harmonic gauge in curved spacetimes... 
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Klainerman. 

In view of numerous roles the harmonic coordinates play in vacuum regions it is 
surprising how very few examples of spacetimes with material sources are described 
globally in these coordinates. In 1998, Q.-H. Liu |SJ found a harmonic coordinate 
system for the Schwarzschild interior solution, i. e., for a star of incompressible 
fluid (see, e. g., 0, p. 330). Although he limited the problem to a special (not very 
physical) situation in which the central pressure becomes infinite, the harmonic 
radial coordinate in the interior is given in terms of a hypergeometric function of the 
Schwarzschild radial coordinate, hence, as an infinite series. When transforming the 
exterior from the Schwarzschild coordinates {f, r, 9 , tp) to the harmonic coordinates 
{A^}, where 

A 0 = t , A 1 = R(r) sin 9 cos ip, A 2 = R(r) sin 9 sin ip, A 3 = R(r) cos 9 , (1) 


Liu wrote down the new radial (“harmonic”) coordinate R in full generality, de¬ 
termined in terms of two arbitrary constants C and K (M is the Schwarzschild 
mass): 


R(r) 


C(r - M) + K 


r — M 
2 M 


ln(l _ —) + 1 

r 


( 2 ) 


Since one is usually interested in the vacuum region, it is customary to consider 
one convenient solution only (cf. 0, p. 181), putting K = 0 and (7 = 1; then the 
harmonic coordinates become Minkowskian at (asymptotically flat) infinity. Liu 
also puts (7 = 1, but leaves K to be determined by the junction conditions at 
the surface of the star, namely, by the requirement that the derivative dR/dr be 
continuous across the surface. (In Liu’s specific case, K ss 0.06ro, where tq is the 
Schwarzschild radius of the sphere.) Gergely m rightly argued that the continuity 
of the derivative is not required by the junction conditions since the matching 
only requires that the induced metric and the extrinsic curvature at the junction 
hypersurface (r = To) be the same from both sides, i.e., gun need not be continuous 
in the spherical case. Hence, one can put K = 0 in Eq. 0 ; Liu admits this in his 
reply to Ref. [Tn| . 

However, as Liu m and, in particular, the authors of Refs. m , ns, m 
recently accentuated, one may take the view that the matching is “completely 
solved” only when “admissible coordinates in the sense of Lichnerowicz [T5] ” are 
found: in such coordinates the first derivatives of all metric coefficients should 
also be continuous across the matching surface. If one wishes to use harmonic 
coordinates for this purpose, a constant K ^ 0 in 0 is in general needed. In 
fact, in m the authors generalised Liu’s result to finite central pressures. To find 
harmonic coordinates in such a general case of a star with a uniform density one 
has to solve the Heun differential equation of second order with 4 regular singular 
points m- The solutions are then given in terms of infinite series which are still 
more complicated than in Liu’s work. 

Turning to more general cases, we are not aware of any work in which a station¬ 
ary exact spacetime with a source is described explicitly in harmonic coordinates 
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in a tractable form. In El. for example, only the asymptotic expansion of the sta¬ 
tionary Kerr metric in harmonic coordinates is derived to order five in i? _1 , and it 
is compared with a similar expansion of the static (but not spherically symmetric) 
Curzon metric. 

In the present note we first show how harmonic gauge conditions can be written 
employing an auxiliary background metric which allows to take full advantage of 
the symmetries of spacetime instead of going first to Minkowski-like coordinates 
{X^} = {T, X, Y, Z}. We then give simple examples which represent material 
sources and their fields both being expressed in globally smooth harmonic coor¬ 
dinates. As we shall see in detail, there is more than one possible choice. Different 
smooth harmonic coordinates relate to how much smoothness we ask of the metric 
components across the boundary of the matter and at the centre (in case of spher¬ 
ical symmetry). Fock [I| in advocating harmonic coordinates and their uniqueness 
was not concerned with such considerations. 

The examples include the “conformastatic metrics” describing static charged 
dust and its electric and gravitational fields with the electric and gravitational forces 
in exact balance (see, e.g., emxsi and references there in). Using a specific example 
of an interior solution El, we show that, in addition to the “natural” set of global 
harmonic coordinates, there exists another “unconventional” set. These alternative 
harmonic coordinates are “admissible in the sense of Lichnerowicz”, however, their 
origin is “shifted” to physical infinity and infinity becomes the origin. In the static 
case, we also generalise Liu’s result m to the electrovacuum Reissner-Nordstrom 
metrics with arbitrary M and e. 

Next, we consider stationary spacetimes. We show that axially symmetrical 
conformastationary electrovacuum metrics, for which disc sources can be found 
El, can be described explicitly in harmonic coordinates in a surprisingly simple 
form. As a special case, the conformastationary solutions contain the Kerr-Newman 
metrics with e 2 = M 2 but a general a (e being the total charge and aM the 
angular momentum). Hence, there exists a family of Kerr-Newman metrics, which 
do not represent black holes but can be produced by charged, rotating discs, that 
can be simply described in harmonic coordinates. In fact, Kerr metric itself (even 
for a 2 < M 2 ) can also be transformed into harmonic coordinates l£LJ’ El but it 
acquires a complicated form that is hardly useful in analytic problems. Nevertheless, 
the disc sources can be constructed for the Kerr metric as well ESI, EH- 


2 The generalised harmonic gauge conditions 

In our recent work on suitable mappings of the physical spacetime with metric 
g onto an auxiliary background spacetime with metric g which would indicate how 
the total KBL energy m might be split into the matter and gravitational parts, the 
harmonic mappings appear to play a role. We needed to describe not only vacuum 
regions but also those containing matter in harmonic coordinates. This issue, in 
fact, stimulated the present remarks. In the formulations of conservation laws in 
general relativity the choice of an appropriate background (at least in asymptotic 
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regions) is important. A suitable background metric, not necessarily in Minkowski 
coordinates even with the background being flat, can considerably simplify the 
harmonic gauge conditions. 

In standard textbooks (see, e.g., in, 19 ), harmonic coordinates X p are defined 
by the conditions 


_L_ d_ 

\T z gdX v 


= 0 . 


( 3 ) 


As a consequence of Eq. 0 , each of the harmonic coordinates X 1 ' satisfies the wave 
equation \3X P = 0 where the invariant d’Alembertian is given by 


= v^g- 


d 

dX v 




( 4 ) 


for any scalar ip. In the mathematical literature (see, e.g., 0) X p are thus called 
“wave coordinates”. One of the well-known advantages of harmonic coordinates is 
a simplified form of the covariant wave equation in a curved spacetime—it only 
contains the second derivatives: 


d 2 ip 


dX p dX” 


= 0 , 


( 5 ) 


as follows from 0 and 0 . 

Harmonic coordinates are most often used in asymptotically flat spacetimes 
representing insular systems, hence, it is commonly assumed that they go over 
to Minkowskian coordinates at infinity. However, in case of physical systems with 
some symmetry the spacetime metrics are naturally given in terms of the coordi¬ 
nates reflecting the symmetry. In order to see how such metrics can be converted to 
harmonic coordinates, it is advantageous to introduce a suitable background space- 
time Ad with a background metric g, and rewrite harmonic conditions 0 in a form 
invariant with respect to the coordinate transformations in Ad. (Clearly, conditions 
0 are not form-invariant with respect to coordinate changes in the physical space- 
time Ad because they restrict the coordinates in Ad.) For the purpose of the present 
note in which asymptotically flat spacetimes Ad are considered, it is natural to 
choose Ad flat; in a cosmological context, a suitable Friedmann-Robertson-Walker 
universe may be an appropriate choice (cf., e.g., [23). We shall assume that there 
is a region I? in Ad, covering a neighbourhood of infinity, the points P of which 
can be mapped by the 1-1 mapping onto the points P in Ad. Assume that in Ad 
harmonic coordinates {X p } satisfying 0 are introduced. They are going over to 
Minkowski coordinates at infinity. Assume that the mapping between Ad and Ad 
is such that to a point P £ V with coordinates corresponds P in Ad with 

Minkowski coordinates having the same values, Ip = Xp. Any object like g^„(X) 
or g p,v (X) in Ad can be brought over to Ad -with the same components. Any co¬ 
ordinate transformation X tl {x p ) in Ad induces a transformation in Ad which has 
the same functional form. Such transformations will change the Minkowski metric 
rj in Ad into a ~g^ u (x p ) with connection coefficients Y (x p ) etc. The difference 
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between Christoffel symbols in A4 and M , 

a a = r A -r A , (6) 

{IV {IV {11/ ’ V / 

is a tensor, yj—g and y/— ~g are scalar densities of weight 1, y/—g/yj—~g is a scalar 
(g = detlg^v], ~g = det\g„ v \), etc.—see 03 for more details. 

The harmonic conditions @ can easily be converted into a covariant form using 
the covariant derivative TU with respect to Tj 

-±=D„(V=ggn = o. (7) 

Regarding the tensor density character of y/—gg^ v , and using the explicit expres¬ 
sions for affine connections in terms of metrics and their derivatives, the harmonic 
conditions 0 can be brought into the form 

-d=D v ^g 9 n = -gT = 0 , ( 8 ) 

where AA p(J is given by 0. Equation 0 is convenient for direct calculations. This 
is especially the case when dealing with spherically symmetric spacetimes. 

Imagine Ad is a general - not necessarily vacuum—spherically symmetric static 
spacetime with a metric given in the standard Schwarzschild-type coordinates 
{t, r, 9 , p} = {cc°, x 1 , x 2 , ir 3 } as 

ds 2 = a 2 (r)dt 2 -- dr 2 — r 2 (d9 2 + sin 2 f? dip 2 ). (9) 

cr (r) 

With M being spherically symmetric, static, and asymptotically flat, a natural 
choice of the background metric in M is the flat metric in spherical coordinates, 

ds 2 = dt 2 - dR 2 - R 2 (d6 2 + sin 2 (9 dp 2 ). (10) 


Notice that as a consequence of symmetries we at once identified coordinates t. 9 , ip 
in both A4 and A4 but not the radial coordinates. Schwarzschild-type r in 0 may 
not, using the standard transformation o, lead to harmonic coordinates (it 
does not), whereas R in (11 011 clearly does since Minkowski coordinates are trivially 
harmonic. Denoting in AA. the radial coordinate by the same R which by 0 is 
associated with harmonic X^ in M , we rewrite the metric © in the form 

r' 2 „ 

ds 2 = a 2 (r(R))dt 2 -— rrdR 2 — r 2 (R)(d9 2 + sin 2 0 dp 2 ), (11) 

a z (r{R)) 

where prime is d/dR. Using (11 111 as g and dm as g in the harmonic conditions ©, 
we easily find that they are satisfied for p = 0, 2,3; for p = 1 we get a second order 
differential equation for R(r ): 


(r aa) SF + 


d 2 R d(r 2 aa) dR 


dr 


, — 2—R = 0. 
dr a 


( 12 ) 
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This equation coincides with Eq. (8.1.15) in jHj where it is derived from the standard 
form m of the harmonic conditions. It is easy to see that in the case of the vacuum 
Schwarzschild metric, the expression © leading to general harmonic coordinates 
solves Eq. d- 

The advantage of using the covariant form m of the harmonic coordinates will 
be seen still more clearly in Section 5. 


3 Harmonic coordinates in static, spherically symmetric 
electrovacuum spacetimes 


As is well known, in the case of static spherically symmetric electrovacuum 
spacetimes which represent the exterior fields of charged spheres (possibly non¬ 
static), charged black holes, or naked singularities, the metric is just the Reissner- 
Nordstrdm solution given in Schwarzschild-like coordinates by Eq. m in which 


a 


2 



(13) 


Equation (12) for R 1 implying the harmonic coordinates by relations (fT|l . can be 
easily solved like in the vacuum Schwarzschild spacetime. However, now three cases 
arise depending on the relation between the mass M and the charge e: 

If e 2 < M 2 , we obtain the general solution in the form 


R = C(r 


M) + KM 


r — M 

-in 

n - r 2 


1 - (ri/r) 
1 - (r 2 /r) 



(14) 


where C,K are arbitrary dimensionless constants, and ri j2 = M ± \JM 2 — e 2 are 
constants determining, in the black-hole case, the locations of outer and inner 
horizons in Schwarzschild coordinates. (For e = 0 we get back Eq. (2)). In the 
special case of e 2 = M 2 , we find 

R = C(r-M) + K^AA_, (15) 

where ri = r 2 = M denotes the location of the (degenerate) horizon of an extreme 
charged black hole. The horizon does not arise if there is a sphere of charged 
dust producing the “extreme” Reissner-Nordstrom metric in the exterior (see next 
section). For e 2 > M 2 —corresponding to a naked singularity if no material sphere 
occurs— the general solution of Eq. m reads 


R = C(r — M) + KM 


r — M 
_ Ve 2 — M 2 


arctan 


-M 


Ve 2 - M' 2 


+ 1 


(16) 


Since at spatial infinity the Schwarzschild-like r implies (by using Eq. ©) har¬ 
monic coordinates, it is natural to put constant C = 1 in the first two cases with 
e 2 < M 2 —Eqs. (1141) and (1151) . However, constant K in (1141 and (1151 cannot be fixed 
by a condition at infinity because it multiplies expressions vanishing at r —> oo. It 
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can be determined by junction conditions at the surface of a charged sphere, as it 
is done in 0 and m for the Schwarzschild interior solution. For example, using 
K one could match the interior solution of Kramer and Neugebauer m to the 
exterior Reissner-Nordstrom metric. Since this solution was generated by an “in¬ 
variance transformation” from the interior Schwarzschild solution, it will, however, 
be difficult to find the harmonic coordinates in the interior in order to have a global 
harmonic gauge everywhere. Nevertheless, in the extremal case with e 2 = M 2 , the 
situation is enormously simplified. 

Before turning to this case, let us note that with e 2 > M 2 the condition at 
infinity does influence the value of constant K. Requiring R = r at r —> oo, we can 
have either C = 1, K = 0 (the simplest possibility fixing both constants uniquely), 
or C + KM(e 2 — M 2 )~i (tt/2) = 1, which gives 


R = r- M + KM 


r — M 
Ve 2 - M 2 


arctan 


r — M \ 
Ve 2 - M 2 ) 



(17) 


Again a free constant is available for matching at the charged-sphere boundary. 


4 Spacetimes of electrically counterpoised dust 

Static bodies made of electrically counterpoised dust—in the terminology of 
Bonnor (see, e.g., m )—offer simple, physically not unrealistic, models to discuss, 
for example, large redshifts E2, the hoop conjecture ESI, or the linear dragging of 
inertial frames fZUl . Their global spacetimes can be covered in both exterior and 
interior regions by harmonic coordinates X, Y, Z in which the metric takes the form 

ds 2 = U~ 2 dt 2 - U 2 {dX 2 + dY 2 + dZ 2 ), (18) 

where U = U(X, Y, Z). The spacetimes are static but need not have any symmetry. 
The sources are made of dust whose mass and charge densities p and a are equal 
(with G = c = 1). The function U satisfies flat-space Laplace’s equation in the 
exterior region (E), X 2 Ue = 0 , whereas in the interior (I) V 2 (7/ = —YkUjP- It 
is not difficult to choose Ui such that p > 0 and Ui = Ue, Ur. fl = Ue on some 
2-surface which corresponds to the body’s boundary. For example, the spacetime 
representing a prolate spheroid of electrically counterpoised dust was constructed 
in this way ESI- The electric field is given by E = —U 2 XU (see, e.g., EE, or Ap¬ 
pendix in (221, for more details). The spacetimes described by the metric 11811 with 
sources of electrically counterpoised dust offer the simplest examples of globally reg¬ 
ular solutions in global harmonic coordinates which are simultaneously “admissible 
coordinates in the sense of Lichnerowicz”, as mentioned in the Introduction. 

We shall now consider the simplest versions of these spacetimes assuming spher¬ 
ical symmetry. The electrovacuum spacetime outside a sphere of electrically coun¬ 
terpoised dust is described by the extreme Reissner-Nordstrom metric given in 
Schwarzschild coordinates by Eq. © in which a, a are determined by m with 
e 2 = M 2 so that 

ds 2 =(l-^) dt 2 -(l-^) dr 2 — r 2 (d9 2 + sin 2 # dtp 2 ) (19) 
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Hereafter, we also call “harmonic” such a radial coordinate which, by means of 
the standard relations 0 , leads to the harmonic coordinates X , X 2 , X 3 . Equation 
m implies the general harmonic R to be 


R = r- M + K 


M 3 

(■r - M) 2 ’ 


( 20 ) 


where we put C = 1 in m so that by means of 0 we get Minkowski coordinates 
at infinity. Equation is a cubic equation for (r — M). Its real root reads 


r — M 


S 


R 


27 


~s 


s 


-—KM 3 + R 3 + -y/3KM 3 (27KM 3 - 4 R 3 ) 


1 !/3 


( 21 ) 


Using this we can convert the metric m explicitly into general harmonic coor¬ 
dinates. The resulting metric gets involved due to the complicated form of 10; 
however, for our purposes it is sufficient to transform the metric (pi into the 
following form: 


ds 2 


1 -K 


1 + f -K, 


2 

dt 2 


1 - 3/C J 


2 

dR 2 



2 

R 2 (d9 2 + sin 2 0 dip 2 ), 


( 22 ) 


where the function 


K{R) = 


KM 3 

R[r(R) - M} 2 


(23) 


is given explicitly only if we express r(R) — M using 1211) . 

Now consider an interior solution m in harmonic coordinates, in which {A', Y, Z} 
are replaced by {R, 9, p} using 0 ; and U = U(R) owing to the spherical symmetry: 


ds 2 = U~ 2 dt 2 - U 2 [dR 2 + R 2 (dd 2 + sin 2 *? dp 2 )}. (24) 


We wish to match 10 with d at some radius Rq. Comparing the metric coeffi¬ 
cients at R = Rq , we immediately see that the metric can be continuous across R = 
R 0 only if the constant K = 0. Therefore, in contrast to the vacuum Schwarzschild 
solution joined to the Schwarzschild interior solution as discussed in El, 10, in the 
case of electrically counterpoised dust producing an extreme Reissner-Nordstrom 
solution outside, it is a necessary condition for having “admissible coordinates in 
the sense of Lichnerowicz” that the exterior harmonic coordinate is the “conven¬ 
tional one” R = r — M, so that the second term in Eq. 10 is absent. Various 
solutions are known explicitly that are described in global harmonic coordinates 
in which the metric is C 1 across the boundary. For example, to demonstrate the 


112 


A 


Czech. J. Phys. 55 (2005) 











On the uniqueness of harmonic coordinates 


existence of globally regular solutions whose exteriors are near that of an extreme 
black hole and the redshift of radiation emitted at the centre can be arbitrarily 
large at infinity, Bonnor chose (with integer n > 1) 


U T = 1 


M M(R% - R n ) 


R (i 




(25) 


The spheres of electrically counterpoised dust thus represent simple explicit 
examples of material bodies and their fields described in a completely regular way 
in the global harmonic coordinates. Still, a question arises whether another type 
of harmonic coordinates than those used in dJ cannot be introduced inside the 
spheres of electrically counterpoised dust. To tackle this equation we employ a 
simple interior solution which Bonnor gave in 1965 m with the square of Ui(R) 
given by 


Ul An + BnR 2 ’ 


(26) 


where 

A) = [Ro/(Ro + M)] 3 , B 0 = M/(R 0 + M) 3 (27) 


are constants, R is the usual isotropic coordinate entering the metric dJ- 

With Ui given by pi}. the metric itTfl can easily be transformed into Schwarz- 
schild coordinates: 


ds 2 


Ap 

1 — B 0 r 2 


dt 2 


____ dr 2 _ r 2 (d 02 +si nW); 


(28) 


the radial coordinates are connected by simple relations 


R = y/A^r/yJl- B 0 r 2 , r = R/^A 0 + B 0 R 2 . (29) 


It is easy to see that although the Schwarzschild-type coordinates are simple and 
appropriate for various purposes, they are not “admissible in the sense of Lich- 
nerowicz” because the metrics m and (HH are not C 1 across the boundary r = rq 
corresponding to R = i?o- From the metric we can read off the explicit forms of 
the functions a(r) and a(r) entering the differential equation m for the harmonic 
coordinate R. Equation m can be solved; the general solution is of the form 

R = C lP + C 2 4, p= 7== (30) 

p z vT - B 0 r 2 

C 1: C 2 are constants. Comparing this result, in which we put C 2 = 0 and Ci = 
\[AqI \[Bq with R given in Eq. dt , this corresponds clearly to the standard har¬ 
monic coordinates; in these coordinates the interior metric is given by (dJ) with Ui 
determined by dt . From Eq. (® we see, however, that there exists another possi¬ 
ble choice for isotropic coordinates in the interior, namely R = C 2 (l — Bqr 2 )/Bqr 2 . 
Such R is not a very “natural” radial coordinate since the origin r = 0 is now 
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mapped into R = oo; nevertheless, it is the harmonic radial coordinate. Putting 
Ci = 0, C 2 = F/Bq, metric (l28l) becomes 


ds 2 = 


A 0 F 

VbqR 


(1 + VB^R/F^J 


dt 2 — 


1 


£ 0 (i + VRqR/f) 


1 + VBqR/F J ±B 0 R 2 

( dO 2 + sin 2 0 dip 2 ). 


dR 2 


(31) 


Can these harmonic coordinates become “admissible” across the boundary in the 
sense of Lichnerowicz? Amazingly, they can, provided that in the exterior region 
also an “unconventional” harmonic R, given by m with C = 0, is used. Then 


R = KM 3 /(r - M) 2 , 


(32) 


so that “external” physical infinity (r —> 00 ) is mapped into the origin R = 0. From 
cm one can easily express r and find the exterior metric © to become 


ds 2 


KM 3 /R 


1 


- dt 2 - (M + i/KM 3 /R) 2 —dR 2 

[M+^kWJR) 2 V ' ’ 4i? 2 

— (M + a/ KM 3 /R) 2 (dO 2 + sin 2 <2 dip 2 ). 


(33) 


Let us note that the verification which we made of the harmonic character of the 
coordinates in El and E3 is not immediate even when using the generalised 
(background covariant) forms 0, ©■ However, it would be much more difficult if 
first the transformation 0 to Cartesian-type coordinates is made and then non¬ 
covariant conditions 0 are checked because in {X,Y,Zj coordinates the metrics 
ED- 03 become non-diagonal. 

Now before matching the exterior and interior metrics at R = Rq (we use the 
star here to distinguish this value from Ro in the standard harmonic coordinates) 
we have to match the coordinates ED and E3 (with C\ = 0, C -2 = F/i/Bq) which 
implies 


r>* _ 

K 0 — 


KM 3 


F (1 -B 0 r 2 ) 


(ro - M ) 2 ^B~ 0 BqTq • (34) 

Here ro is the Schwarzscliild radius of the boundary, related to Ro in the original 
harmonic coordinates just by ro = Ro + M so that the constants m become 
Aq = (1 — M/ro) 3 and Bq = M/r 3 . Then the relation (13411 determines the ratio of 
constants K and F: 


t “(sh 1 ) 3 ^"* 3 ' 2 - < 35 > 


Expressing Aq, Bq in ED in terms of ro, M and comparing the metrics ED. El 
at Rq, we find out that both metrics and their first derivatives are continuous at 
R = Rq provided that the relation E3 holds. Hence, indeed, we found another set of 
harmonic coordinates which cover globally the sphere of electrically counterpoised 
dust and its exterior field and in which the metric is C 1 at the boundary. However, 
these harmonic coordinates become pathological at the origin and at infinity so 
that the first (standard) type of the harmonic coordinates in which the metric is 
given by Eq. E3 everywhere are, of course, to be preferred. 
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5 Stationary spacetimes with disc sources in global harmonic 

coordinates 

We now wish to give examples of stationary spacetimes with sources—though 
only with 2 -dimensional matter distributions, and thus with no “interior region” — 
described in global harmonic coordinates. 

Conformastationary metrics 

The conformastationary Einsjtein-Maxwell fields discopiuypyvered by Neugebauer, 
Perjes, and Israel and Wilson around the beginning of 1970’s (see, e.g., he for refer¬ 
ences and more details) represent an interesting generalisation of the conformastatic 
metrics discussed in the preceding section. As the first example, we consider confor¬ 
mastationary metrics with axial symmetry for which we constructed disc sources 
some time ago m- The discs are made of rotating charged dust but hoop ten¬ 
sions are necessary to balance the centrifugal forces induced by the motion. (This 
is at variance with the statement in EH that the conformastationary solutions are 
the exterior fields of charged spinning sources in equilibrium under their mutual 
electrodynamic and gravitational forces.) 

In the cylindrical-type coordinates the metric can be written as (see jJJQj, Eq. 
( 2 . 2 )) 

ds 2 = f (dt — ARdp) 2 — f 1 (dR 2 + dz 2 + R 2 d<p 2 ), (36) 

where / and A are functions of ( R , z). Putting / = (EE*) -1 , where V 2 E = 0, with 
E complex, the electromagnetic field is given by E + iH = V(l/E) and A in (l36l) 
is a solution of V x A = i( EVE* — E*VE). In J2DJ, in Eqs. (2.3)—(2.5), both the 
contravariant metric and the determinant g are written down (there is a misprint 
in (733 in (2.3)—the bracket should not be squared). We employ these expressions in 
the generalised harmonic conditions 0 , 0 . Regarding it is natural to take as 
the background metric in flat space A4, the metric in cylindrical coordinates, i.e., 
Eq. m with / = 1, A = 0. It is then easy to check that putting {A^ = t. R , z, ip}, 
the generalised harmonic conditions 0 are satisfied for p = 0 and /i = 3, but, in 
fact, they are also satisfied for p = 1 and p = 2 , as straightforward calculations 
show. Hence introducing coordinates {A', Y, Z} by 

X = R cos<p, Y = Rsiinp, Z = z, 
the metric 03) becomes 

ds 2 = f [dt — AR~\-YdX + XdY)] 2 - f~\dX 2 + dY 2 + dZ 2 ), (37) 

where {t, A', Y, Z} are harmonic, R = \J A 2 + Y' 2 . Notice that no relation between 
A and / was used to prove the harmonicity of these coordinates. The metric (E 0 
can describe various physical situations (for a simple example, see m, Section 8 ; 
for a conformastationary Kerr-Newman metric, see E3, Section 21.1.3). 

As mentioned above, these axisymmetric conformastationary electrovacuum 
spacetimes can be produced by 2 -dimensional discs made of rotating charged dust 
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in steady motion and the tensions needed to guarantee equilibrium. These discs are 
of an infinite extent but they have finite total mass and charge which are equal (in 
geometrical units). It is of interest to ask what is the gyromagnetic ratio for these 
objects. It is defined as 


2 MJ e 
eJM 


(38) 


where J e is the total magnetic moment and Jm the total angular momentum. At 
the end of 1201 we found the gyromagnetic ratio for the discs to be equal to 1 (as it 
is for “classical” objects). However, we defined the gyromagnetic ratio erroneously 
in Em omitting the factor 2 in the definition IHHt (see below Eq. (8.23)). Indeed, 
the gyromagnetic ratio of sources producing conformastationary metrics is equal to 
2, like it is for charged, rotating (Kerr-Newman) black holes and as it is expected to 
be equal approximately for other highly relativistic objects (see .'fill■ 31 for recent 
studies of this problem). 


The Kerr metric 

A transformation bringing the Kerr metric into harmonic coordinates was described 
in EH, but no explicit results for the metric were given there. (Curiously, the author 
of |21| is one of the coauthors of a recent work P2J in which the Kerr metric is trans¬ 
formed into harmonic coordinates only asymptotically near infinity, but Ref. EH is 
not referred to in E2J.) Independently of EH, the authors of m transformed the 
Kerr metric into harmonic coordinates using a transformation by H.-G. Ding. They 
do give the metric explicitly (all 10 components are non-vanishing) but several of 
the j/s represent expressions covering almost half a page in print. Nobody seemed 
to have checked whether this is indeed the Kerr metric in harmonic coordinates and 
the only application until now appears to be given in the same work E2I, where 
it was used to calculate the energy density for the Kerr spacetimes as determined 
from the Einstein pseudotensor. Nevertheless, in principle, the situation with the 
Kerr metric in harmonic coordinates is similar to that of (much simpler) confor¬ 
mastationary spacetimes in harmonic coordinates: one can construct 2-dimensional 
disc sources which have the Kerr metric outside EH, EH The discs producing the 
general Kerr-Newman metrics can also be constructed—they are briefly described 
in eh The Kerr-Newman metric in harmonic coordinates appears to be of interest 
in numerical relativity (see EH for a recent review), but its explicit form (as given 
in [21]) does not seem to be noticed and no explicit form to be given by numerical 
relativists. 
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